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The aim of this research is to identify aspects that support the development of 
prospective mathematics teachers’ professional noticing in a b-learning context. The 
study presented here investigates the extent to which prospective secondary 
mathematics teachers attend and interpret secondary school students’ proportional 
reasoning and decide how to respond. Results show that interactions in an on-line 
discussion improve prospective mathematics teachers’ ability to identify and 
interpret important aspects of secondary school students’ mathematical thinking. 
 
THEORETICAL BACKGROUND  
A relevant skill of mathematics teachers is the professional noticing (Jacobs, Lamb, 
& Philipp, 2010). Although this skill has been conceptualized from different 
perspectives in the last years, the connexion is making sense of how individuals 
process complex situations (Mason, 2002; van Es & Sherin, 2002). Mason (2002) 
considered noticing as a fundamental element of expertise in teaching characterized 
by: (a) keeping and using a record, (b) developing sensitivities, (c) recognizing 
choices, (d) preparing to notice at the right moment and, (e) validating with others. 
On the other hand, van Es and Sherin (2002) considered that noticing in teaching 
involves (a) identifying significant events of a classroom situation, (b) using 
knowledge about a context to reason about these events, and (c) making connections 
between the specific classroom events and broader principles of teaching and 
learning. These approaches are concerned with the development of perceptual 
frameworks that enable teachers to view mathematics teaching situations in a 
particular way.  
A particular focus for mathematics teacher’s professional noticing is children’s 
mathematical thinking. In this context, Jacobs et al. (2010) conceptualize professional 
noticing of children’s mathematical thinking as a set of three interrelated skills (i) 
attending to children’s strategies: the extent to which teachers attend to the 
mathematical details in children’s strategies; (ii) interpreting children’s mathematical 
understandings: the extent to which the teachers’ reasoning is consistent with both the 
details of the specific child’s strategies and the research on children’s mathematical 
development; and (iii) deciding how to respond on the basis of children’s 
understandings: the extent to which teachers use what they have learned about the 
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children’s understandings from the specific situation and whether their reasoning is 
consistent with the research on children’s mathematical development.  
Researchers have focused on how professional noticing is developed (Llinares & 
Valls, 2010; Star & Strickland, 2008). A relevant issue in this context is the 
characterization of the development of professional noticing of children’s 
mathematical thinking in specific mathematics domains (Levin, Hammer, & Coffey, 
2009).  So, in this study, we are going to focus on prospective mathematics teachers’ 
professional noticing of children’s mathematical thinking in the context of the 
transition from students’ additive to multiplicative thinking, since researchers have 
shown the difficulty of students in discriminating additive from multiplicative 
situations (Fernández, Llinares, Van Dooren, De Bock, & Verschaffel, 2010; 
Modestou & Gagatsis, 2007). 
A context for the development of prospective mathematics teachers’ professional 
noticing  
Recently, the development of on-line approaches in mathematics teacher education 
and specific contexts of blended learning approaches (b-learning) have generated 
particular issues about how the professional noticing skill is developed in these new 
learning contexts. From a social learning perspective (Wells, 2002), participations in 
social interaction spaces are considered as a way of learning. Furthermore, the 
characteristics of on-line environments seem to influence the way in which 
prospective teachers interact with knowledge and the professional vision of 
classroom events and children’s mathematical thinking. In a specific way, Mason 
(2002) underlined that the validation of the records and interpretations of 
mathematics teaching situations with others is an important aspect of the structure of 
teachers’ attention.  
RESEARCH QUESTIONS 
In this study, we analysed how prospective mathematics teachers’ professional 
noticing of children’s mathematical thinking is developed in the context of the 
transition from students’ additive to multiplicative thinking. We are also interested in 
how the participation in on-line discussions, the analysis of secondary school 
students’ answers to proportional and non-proportional problems and the resolution 
of tasks collaboratively could support the development of prospective teachers’ 
professional noticing o secondary school students’ proportional reasoning. 
METHOD 
Participants and context 
Participants were 7 prospective secondary school mathematics teachers that were 
enrolled in a post-graduate program. This program qualifies them to teach 
mathematics in Secondary Education. This study was carried out in one of the 
subjects of this program called “Learning of mathematics in Secondary Education”. 
One of the aims of this subject is that prospective teachers learn to identify and 
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interpret characteristics of secondary school students’ mathematic thinking. A 
specific subject-matter refers to the relation between the additive and multiplicative 
thinking on secondary school students (12-16 years old) in the context of proportional 
reasoning. 
A b-learning (blended learning) environment was designed to this part of the subject 
integrating face-to-face and on-line activities in a web platform. In the face-to-face 
activities, prospective teachers worked collaboratively in the classroom in order to 
solve and discuss the proposed tasks. In the on-line activities, they shared and 
synthesized their ideas into a final joint report. The learning environment consisted of 
five face-to-face sessions during five weeks in which prospective teachers had to read 
theoretical papers about the transition from additive to multiplicative thinking, 
analyse video-clips where secondary school students solved problems with additive 
and multiplicative structures and analyse written student work. The prospective 
mathematics teachers began these tasks in a face-to-face context but they continued 
them in an on-line context that included the discussion in on-line debates. In this 
paper, we are going to focus on the resolution of the initial task and its discussion in 
the on-line debate. 
The initial task 
Prospective teachers solved an initial task that consisted of the analysis of four 
secondary school students’ answers to two proportional problems (modelled by the 
function f(x) = ax, a ≠ 0) and two non-proportional problems with an additive 
structure (modelled by the function f(x) = x+b, b ≠ 0) (Figure 1). Prospective teachers 
had to analyse a total of 16 secondary school students’ answers (four problems × four 
secondary school students). Secondary school students’ answers were selected taking 
into account the different profiles of primary and secondary school students when 
they solve proportional and non-proportional problems (Van Dooren, De Bock, 
Gillard, & Verschaffel, 2009). These students’ profiles are: students who solve 
proportional and additive problems proportionality, students who solve proportional 
and additive problems additively, students who solve both type of problems correctly 
and finally, students who solve problems with integer ratios using proportionality 
(regardless the type of problem) and problems with non-integer ratios using additive 
strategies. 
Prospective teachers were asked to answer three questions related to the three 
component skills of professional noticing of students’ mathematical thinking in each 
student answer: (i) “Please, describe in detail what you think each secondary school 
student did in response to each problem” (prospective teachers’ expertise in attending 
to students’ strategies); “Please, indicate what you learn about secondary school 
students’ understandings related to the comprehension of the different mathematic 
concepts implicated” (prospective teachers’ expertise in interpreting secondary 
school students’ understanding), and (iii) “If you were a teacher of these students, 
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what would you do next?”  (prospective teachers’ expertise in deciding how to 
respond on the basis of students’ understandings). 
 
Figure 1. Part of the initial task: Example of a student who solve problems with 
integer ratios using proportionality (regardless the type of problem) and problems 
with non-integer ratios using additive strategies. 
Analysis 
Firstly, we identified the mathematical significant elements that prospective teachers 
should identify in each problem and strategy (for instance if the ratio or the difference 
between quantities remains constant, or if the function passes through (0,0) or not). 
Secondly, we determined whether prospective teachers’ answers indicated attention 
to these mathematical details. This led us to identify each participant attention to 
secondary school students’ strategies. We also considered the extent in which 
prospective teachers identified the different profiles mentioned above. This provides 
information about if prospective teachers were able to discriminate proportional from 
additive problems using the relevant elements identified. For example, how 
prospective teachers identified if the additive strategy was used correctly in the 
additive problems but also incorrectly in the proportional problems. In that way, we 
analysed how prospective teachers interpret students’ understandings. Finally, we 
analysed if prospective teachers were able to include considerations of students’ 
understandings in their decisions of how to respond.   
RESULTS 
In the first part we describe how prospective teachers attended and interpreted 
secondary school students’ strategies and, in the second part, we show how the 
discussion in an on-line debate helped prospective teachers to develop the 
professional noticing of students’ mathematical thinking.    
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Attending and interpreting secondary school students’ strategies and deciding 
how to respond 
Initially, most of the prospective teachers were able to recognise and describe some 
of the secondary school students’ strategies but had difficulties in discriminating 
proportional and additive problems and in relating the types of problems and the 
characteristics of strategies in order to interpret students’ mathematical thinking. 
Only one of the prospective teachers was able to identify a student profile (student 
who solved proportional and additive problems additively). For example, the 
prospective teacher P6 only described the operations that the secondary school 
student made to solve the first problem (Figure 2) and was not able to recognize the 
additive structure of the second problem. 
 
Figure 2. Part of the initial task.  
Problem 1.  P6 The student tries to solve the problem using proportions. He/she tries to 
go from 20 to 70 using multiplications and additions. The student 
knows that has to go from 20 to 70 so he/she multiplies by 3 and then 
adds 10. So we have to do the same operations with 50. We obtain 175. 
Therefore, I think that this student does not know proportions but 
he/she solved the problem correctly. 
Problem 2.  P6 This student used the method of proportions. Although he/she did not 
write 20:100 = 60: x, he/she wrote 100×60/20. 
On the other hand, prospective teachers’ interpretations of students’ mathematical 
thinking influenced their teaching decisions. So, when prospective teachers did not 
identify additive and proportional problems then they indicated general teaching 
actions such as asking to the students more explanations about their answers or 
explaining the use of procedural approaches to solve proportional problems.  
The development of prospective teachers’ professional noticing of students’ 
mathematical thinking 
Through the on-line debate, prospective teachers were able to focus on the 
characteristics of the problems and to identify some secondary school students’ 
profiles. Therefore, the interaction motivated by the interpretation of secondary 
school students’ answers made prospective teachers to start to attend and interpret 
jointly secondary school students’ answers. For example, prospective teacher P1 
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discriminated proportional from non-proportional situations in the initial task 
underlying the importance of the sentences “they load equally fast but Peter started 
later” and “they started together but Jean swims slower” but prospective teacher P4 
did not discriminate them. Interactions in the on-line discussion between prospective 
teacher P1 and prospective teacher P4 led prospective teacher P4 to start to 
discriminate both type of problems identifying relevant aspects of the situations. 
P1 Students use elemental operations (such us addition, subtraction…) 
correctly. However, they do not usually read well the problem and 
interpret, in the same way, the fact to start later and the fact to be slower. 
P4 I agree with you. Students do not differentiate between “doing equally fast 
an action but starting at different times” and “starting at the same time but 
doing an action faster”. We have to find out if students did not read well 
the problem or they had difficulties in understanding the concept of 
proportionality (the difference between proportional and non-proportional 
problems).      
An example of how interaction led students to identify secondary school students’ 
profiles is the interaction between prospective teachers P7, P3 and P1. This 
interaction started with the participation of P7. This prospective teacher identified 
that the secondary school student solve one of the two proportional problems 
correctly but the other incorrectly and the same happened with the additive problems 
(Figure 1). The participation of the prospective teacher P3 was not relevant. 
However, P1 focused on the multiplicative relationships between quantities. In that 
way, P1 indicated that the secondary school student solved the two problems with an 
integer relationship between quantities (triple) proportionality but when the 
relationship was non-integer the student solved the problems additively. 
P7 This is a strange case because there are two proportional problems but one 
is solved correctly and the other incorrectly. And there are two problems 
where they do not start at the same time and again, one is solved correctly 
and the other incorrectly. How can we explain it? The student could not 
understand the problem or he/she could have some difficulties. We have to 
ask students for explaining their answers. 
P3 It is true that it is a strange case. As you said, if we ask for more 
explanations, students could understand when he/she can use the strategy. 
For example, when he/she wrote 100-40 = 60, he/she should have written 
“60 boxes loaded by Tom when Peter start to load”  
P1 Respect to this student, we could say that he/she did not discriminate 
proportional from additive problems. However, two problems were solved 
by the same strategy because the multiplicative relationship between 
quantities is integer (“the triple”, the multiplicative relationship between 25 
and 75 and the multiplicative relationship between 3 and 9). The other two 
problems have a non-integer multiplicative relationship between quantities 
and they are solved looking for a difference and using it. So when students 
had difficulties in looking for the relationships between quantities they used 
a constant difference instead of a multiplicative relationship.   
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Moreover, teaching decisions changed after the participation in the on-line 
discussion. All prospective teachers stressed the necessity of differentiate 
proportional and non-proportional problems and when prospective teachers were able 
to identify the secondary school students’ profiles they proposed to focus on the type 
of ratio and on the use of qualitative problems instead of missing-value problems. 
These data indicated that the participation in the online discussion and the fact that 
prospective teachers had to write a joint report with the conclusions of the on-line 
discussion allow them to begin to develop the professional noticing of students’ 
mathematical thinking focused on the proportional reasoning. 
CONCLUSIONS AND DISCUSSION 
This study contributes to the research base on how prospective teachers see and make 
sense of classrooms, particularly in how they begin to develop making sense to 
students’ mathematical thinking. New in this line of research is that we characterise 
the professional noticing of children’s mathematical thinking in a specific 
mathematic domain: the transition from students’ additive to multiplicative thinking 
and we also provide a specific context for the development of the professional 
noticing integrating on-line discussions. 
Results show that initially prospective teachers had difficulties attending and 
interpreting students’ mathematical thinking. They described students’ answers 
without including mathematical significant aspects about the structure of the problem 
or about students’ strategies, and therefore they were not able to identify secondary 
school students’ profiles. However, the participation in the on-line discussion led 
prospective teachers to begin to develop the professional noticing of students’ 
mathematical thinking. 
A characteristic of the on-line discussion is the progressive discourse that it was built 
facilitated by the interaction and the integration of ideas related to proportional and 
non-proportional situations and to the characteristics of secondary school students’ 
proportional reasoning. Therefore, the on-line debate and the characteristics of the 
task played a relevant role in the construction of knowledge. 
Finally, our results also indicate that professional noticing can be learned (Jacobs et 
al., 2010) and that the b-learning environments could help to develop this skill 
(Llinares & Valls, 2010). However, it is necessary more studies about how some 
characteristics of the learning environment (such as the specific use of on-line 
discussions and the characteristics of the task) could support this development.   
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